A radiatively-corrected mixing angle has to be independent of the choice of renormalization scale to be a physical observable. At one-loop in MS , this only occurs for a particular value, p * , of the external momentum in the two-point functions used to define the mixing angle: p 2 * = (M 2 1 + M 2 2 )/2, where M 1,2 are the physical masses of the two mixed particles. We examine two important applications of this to the Minimal Supersymmetric Standard Model: the mixing angle for a) neutral Higgs bosons and b) stops. We find that this choice of external momentum improves the scale independence (and therefore provides a more reliable determination) of these mixing angles.
In Quantum Field Theory renormalized using dimensional regularization and minimal subtraction [1] (or modified minimal subtraction, MS [2] ), the parameters of the model at hand (say the Standard Model, SM or some extension therof) depend on an arbitrary renormalization scale, Q. The running of these parameters with Q is governed by the corresponding renormalization group equations (RGEs). Physical observables, on the other hand, cannot depend on the arbitrary scale Q, and the relations that link physical quantities to the running MS parameters are of obvious importance in order to make contact between theory and experiment.
Two familiar examples in the SM concern the Higgs and top quark masses. The relation between the top-quark pole mass, M t , and the running top Yukawa coupling, h t (Q), (or alternatively the running top quark mass) is of the form
where G F is Fermi's constant and the function δ t , which contains the radiative corrections, depends explicitly on Q and is evaluated on-shell, i.e. at external momentum satisfying p 2 = M 2 t . This function δ t is known up to three loops in QCD [3, 4] and one loop in electroweak corrections [5] . The relation between the Higgs boson pole mass and its quartic self-coupling λ(Q) is similar to (1):
The function δ h was obtained at one loop in ref. [6] .
The scale dependence of the exact functions δ t (Q) and δ h (Q) in eqs. (1) and (2) must be such that it exactly compensates the scale-dependence of the couplings h t (Q) and λ(Q), in such a way that M t and M h are scale-independent. As shown by these examples, in practice we can only calculate δ t (Q) and δ h (Q) in some approximation (say up to some finite loop order) and, in general, there is some residual scale dependence left. In fact, choosing a particular value Q * of the renormalization scale by demanding that the residual scale dependence is minimized (this can be done with different levels of sophistication, see [7] ) gives in general a good approximation to the full result, or allows a good estimate of higher order corrections. Often there is some physical reason for the particular value Q * chosen (e.g. Q * might be some average of the masses of the virtual particles that dominate the loop corrections, or the typical energy scale of the process studied), but this is not necessarily the case always [4, 8] .
A physical mass is defined at the pole of the corresponding propagator and therefore the external momentum in (1) and (2) is set to the physical mass. As we remind in section 1, this choice ensures that the scale dependence in equations like (1) and (2) is the same on both sides, leading to a scale-independent definition of the physical mass (up to the residual dependences due to higher order corrections just mentioned). The purpose of this letter is to address the problem of how to obtain a scale-independent mixing angle between two particles with the same quantum numbers, so that a proper physical definition of such angles can be achieved. We will show that relations similar to (1) and (2) can be found that relate physical and running mixing angles. Then we show that, at one loop, a scale-independent mixing angle in MS requires a very particular choice of external momentum, p * , in the self-energies that contribute to radiative corrections, with
where M 1 and M 2 are the physical masses of the two particles that mix.
In section 1 we present the general derivation of the momentum scale p * for the simple case of the mixing angle between two scalar fields. We apply this general result to two important cases with phenomenological interest in the Minimal Supersymmetric Standard Model (MSSM): first to the stop mixing in section 2 and then to the mixing between the two CP-even Higgs scalars in section 3. We end with some conclusions in section 4.
1.
We start by proving the scale-independence (at one-loop) of the pole-mass for a single scalar field, ϕ. Its renormalized inverse propagator for external momentum p is
, where m 2 is the MS -renormalized mass squared and Π the renormalized self-energy. Both are scale-dependent quantities with
where γ ≡ d ln ϕ/d ln Q 2 describes the wave-function renormalization of ϕ and, at one-loop,
The physical mass, M, is defined as the real part of the propagator pole 1 . Therefore, M is given by
From this, using (4) and (5) we find
For the on-shell choice (7) is zero at one-loop order (of course the proof can be extended to all orders).
The scale-independence just proved also holds in the case of mixed fields. Consider two scalar fields, ϕ 1 and ϕ 2 , with the same quantum numbers, so that they can mix.
Their inverse propagator, for external momentum p, is a 2×2 matrix which at one-loop order has the form
where m 2 is the 'tree-level' mass matrix and ∆(p 2 ) contains the one-loop radiative corrections. In MS -scheme (or for supersymmetric theories DR [9] , the SUSY version of MS , with dimensional reduction instead of dimensional regularization), the elements of m 2 depend implicitly on the renormalization scale Q through an equation of the form:
In (9) we have written separately the contributions from wave-function renormalization, with the anomalous dimensions γ ij defined by
The fact that γ ij is in general a 2 × 2 matrix reflects the possibility of having kinetic mixing between the two scalar fields.
The one-loop radiative corrections to the inverse propagator, collected in ∆, depend explicitly on the external momentum p and on ln Q 2 . In fact, the elements of that matrix satisfy
The two mass eigenvalues are the poles of
where (12) has to be solved self-consistently to the order we work (one-loop). It is easy to show that the mass eigenvalues, M 2 i , are indeed scale-independent at one loop. Taking the derivative of eq. (12) with respect to ln Q 2 , with
Using eqs. (9) and (11) to evaluate dM 2 ij /d ln Q 2 and making a loop expansion, the right-hand side of eq. (13) is shown to be proportional to
where m 2 i is an eigenvalue of the tree-level mass matrix, and therefore must satisfy the secular equation Det[m (14) is zero [and then also (13) (8) contains also information on the mixing between the two particles. We can define the radiatively-corrected mixing angle, α(p 2 ), as the angle of the rotation that diagonalizes the mass matrix
Proceeding like we did for the masses, the scale-dependence of tan[2α(p 2 )] can be extracted from eqs. (9, 11) . At one-loop order, it is simply given by
From this result we conclude that a scale-independent mixing angle has to be defined at external momentum
This is the simple result we wanted to prove. We choose to define p * in terms of the radiatively corrected masses in analogy with the on-shell definition of physical masses.
Eq. (16) involves tree-level masses and cannot be used to justify this choice, although it is of course compatible with it at one-loop. Besides the analogy with OS masses, numerical examples in later sections will provide good support for this choice.
2. In the context of the MSSM, one particular case in which the previous discussion is of interest concerns the stop sector. This sector consist of two scalars,t L,R , supersymmetric partners of the top quark which, after electroweak symmetry breaking, can mix. Their tree-level mass matrix is given by
where Yukawa couplings for the RG evolution of the tree-level matrix (18) . The scale evolution of this matrix is considered only at one-loop leading-log order, that is
with Q 0 = 100 GeV. The quantities β ij depend also on the soft mass of right-handed (lower) curves correspond to p 2 equal to the heavier (lighter) mass eigenvalue (of the radiatively-corrected mass matrix) while the flat curves in-between have
)/2. The improvement in scale independence is dramatic when this last choice is made. The difference in tan 2θ t due to different choices of the external momentum can be a ∼ 5 − 7% effect in the case of figure 1.a and much larger for 1.b (depending strongly on the value chosen for the renormalization scale).
Once a scale-independent mixing angleθ t has been obtained, we can also define a scale-independent, 'on-shell', stop mixing parameter, X OS t , by the relation (already used in [12] )
where M t is the pole mass of the top quark. Many other definitions for an 'on-shell' X t have been used in the literature, but in DR scheme, only this one is scale-independent at one-loop. 
In spite of this small complication present in the Higgs sector, the general derivation given in section 1 gets through also in this case: to get a scale-independent Higgs mixing angle, α, the external momentum has to be taken as correspond to lower values of tan[2α(p 2 )].) It is clear from this figure that, although
2 * is somewhat better than other choices, there is some residual scale-dependence left. In this case with low m A , the effect of higher order corrections is not negligible, and eventually such effects should be taken into account if a better scale stability of the mixing angle is required.
To do that, one should go beyond the one-loop approximation used so far. To identify more clearly the origin of the residual scale dependence let us write explicitly [using (9) , (11) and (19)] the elements of the radiatively-corrected mass matrix. Assume for simplicity that γ ij = γ i δ ij and m . For the diagonal elements one has (in one-loop leading-log approximation):
and, for the off-diagonal element:
The scale at which the prefactors of the logarithmic terms should be evaluated is irrelevant for the one-loop leading-log approximation: different choices introduce differences only in higher order corrections. One may try to choose a scale that approximates well such corrections. One could also argue in favour of including in the prefactors of the logarithmic terms finite (non-logarithmic) radiative corrections. The key observation to improve the scale-independence of the mixing angle beyond one-loop is the following:
if the matrix elements have the form )/2. Therefore, in order to improve over the one-loop leading-log result, we make the replacement
in the logarithmic terms of (23) and (24). At this point one should worry about the choice of scale Q 0 . However, eqs. (9) and (11) [with the replacement (27) made also in (9) for consistency] guarantee that the elements of the Higgs mass matrix, improved by (27), are independent of Q 0 . We have checked numerically that the impact of the choice of Q 0 in the mixing angle is tiny.
The results for tan[2α(p 2 )] after the improvement (27) are presented in the plots of the right column of figure 3 . The parameters are the same as those chosen for the left plots, so that the improvement in scale stability can be appreciated by direct comparison: now the choice
)/2 gives a perfectly scale-independent determination of α. From these plots we also see that, at least for moderate values of tan β, there is a particular value of the renormalization scale for which a) the mixing angle is nearly momentum independent and all curves are focused in one point and b) the corresponding value of the mixing angle is a good approximation to the scale independent result. Clearly, that choice of renormalization scale corresponds to a value for which the one-loop logarithmic radiative corrections are minimized. The existence of such a good choice of scale is not always guaranteed if the spectrum of the particles in the loops is widespread, case in which not all logarithms can be made small at a single renormalization scale.
4.
The mixing angle between two scalar particles with the same quantum numbers, once radiative corrections are taken into account, depends on the renormalization scale and the external momentum. We have shown that, at one-loop, the scale dependence disappears for a particular choice of the external momentum, p 2 * = (M We have applied this prescription to two cases of interest in the Minimal Supersymmetric Standard Model: the mixing between stops and the CP-even Higgs mixing.
We have shown numerically that the advocated choice of momentum does indeed improve the scale independence of the one-loop corrected mixing angles in both cases.
In the Higgs boson case, especially for low values of the pseudoscalar mass, we had to go beyond the one-loop approximation to get a satisfactory behaviour of the mixing angle, but this could be achieved easily by taking into account higher order corrections (in particular, one-loop non-logarithmic corrections to mass parameters in expression which were already of one-loop order).
Although our prescription could be very useful for a reliable determination of these mixing angles, it would be desirable to find a suitable experimental set-up for the measurement of such angles in which p 2 = p 2 * would play a relevant role. For other applications a scale-dependent mixing angle in the intermediate steps of a calculation can be perfectly satisfactory. For instance, a cross-section may depend on some mixing angle and other quantities, all of them scale-dependent in spite of which the final observable does not depend significantly on the scale (see e.g. [18] for the Higgs boson production cross sections at e + e − colliders).
